Summary. We define and study the multiparameter fractional Brownian motion. This process is a generalization of both the classical fractional Brownian motion and the multiparameter Brownian motion, when the condition of independence is relaxed. Relations with the Lévy fractional Brownian motion and with the fractional Brownian sheet are discussed. Different notions of stationarity of the increments for a multiparameter process are studied and applied to the fractional property. Using self-similarity we present a characterization for such processes. Finally, behavior of the multiparameter fractional Brownian motion along increasing paths is analysed.
Introduction
The aim of this paper is to give a satisfactory definition of the concept of Multiparameter Fractional Brownian Motion (MpfBm) . The definition given here is a particular case of the Set-indexed Fractional Brownian Motion studied in [2] , but in the multiparameter case, the various stationarity properties can be compared.
In the last decade, two other definitions for the MpfBm appeared in the literature (see [1] for a review of their properties). Both are problematic as extensions of the classical fractional Brownian motion. In this work, we hope to persuade the reader that our definition is natural, is the "right" generalization of the fractional Brownian motion (fBm) and can be applied directly to real applied problems.
Definition of the MpfBm
In [2], a set-indexed extension of fractional Brownian motion was defined and some extensions of fractal properties were established. Let A be an indexing collection of compact subsets of a metric measure space (metric d and measure m) satisfying certain assumptions, the Set-indexed fractional Brownian motion (SifBm) was defined as the centered Gaussian process
where 0 < H ≤ 1 2 and m is a measure defined on the σ-algebra generated by A.
As the collection A = [0, t]; t ∈ R N + ∪ {∅} is a particular indexing collection, definition (1) provides a multiparameter process which can be seen as a multiparameter extension of fractional Brownian motion. We get the following definition.
Definition 1. The Multiparameter Fractional Brownian Motion (MpfBm) is defined as the centered Gaussian process
where m is a measure on R N and H ∈ (0, 1/2] is called the index of similarity.
This definition looks very natural since it relies on a set-indexed process and thus, structure of the space R N is only present in indices and not in the shape of the covariance function.
Notice that the definition of the MpfBm depends on the measure m.
In the particular case of R 2 + with the Lebesgue measure m, we can explicitly give the covariance between s = (s 1 , s 2 ) and t = (t 1 , t 2 )
Let us notice that parameter H is restricted to be in (0, 1/2], on the contrary to standard fractional Brownian motion, in which H is in (0, 1).
Remark 1. If the measure m is absolutely continuous with respect to the Lebesgue measure, the process B H is almost surely null on the axis.
Self-similarity is the first property of MpfBm. As a particular case of the set-indexed fractional Brownian motion, the multiparameter process inherits its properties. It is self-similar of index N.H: for all a ∈ R + , where (d) = denotes equality of finite dimensional distributions.
